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MODEL ACTIONS FOR ALMOST REDUCED GROUPS
ON UHF ALGEBRAS
MICHAEL SUN
Abstract. For any countable discrete group G with a reduced
abelian subgroup of finite index, we construct an action α of G
on the universal UHF algebra Q using an infinite tensor product
of permutation representations of G and show that these actions
possess some sort of Rokhlin property. The crossed productQ⋊αG
is then deduced to be tracially AF with a unique tracial state. We
also compute the Elliott invariants in the case that G is abelian.
Introduction
One of the first examples of the Rokhlin property that one might
encounter is the following action of Z/2Z on the UHF algebra M2∞ :
First write
M2∞ = M2 ⊗M2 ⊗M2 ⊗ . . .
and consider the order 2 automorphism determined by
α = Ad
(
0 1
1 0
)
⊗ Ad
(
0 1
1 0
)
⊗ Ad
(
0 1
1 0
)
⊗ . . .
Then the Z/2Z-action determined by α has the Rokhlin property. We
might also say that α has the order 2 Rokhlin property as an automor-
phism. This action is particularly nice because it preserves a tensor
product decomposition of M2∞ and is inner on each factor. We use
this example to motivate an investigation into the following class of ac-
tions. Let Q be the universal UHF algebra with some tensor product
decomposition
Q = Mn1 ⊗Mn2 ⊗Mn3 ⊗ . . . .
Then there is an action of the product of symmetric groups
∞∏
l=1
Snl = Sn1 × Sn2 × Sn3 × . . .
where each Snl acts by conjugation by unitiaries from its natural per-
mutation representation. By restricting this action we can define an
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action of any countable residually finite group. Even simpler still is the
action of the product of finite cyclic groups
∞∏
l=1
Z/nlZ = Z/n1Z× Z/n2Z× Z/n3Z× . . .
obtained from the previous action via a restriction of the previous
representations of Snl to the cyclic subgroup generated by nl-cycle
(123 . . . nl). Restricting to countable subgroups gives us actions for
abelian groups with only trivial divisible subgroups. Such groups are
often called reduced groups. Much can be said about these actions of
reduced abelian groups and their crossed products:
Theorem. Suppose G is a countable discrete abelian group of rank r
acting on Q by an action α implemented by
G ⊂
∞∏
l=1
Z/nlZ→ AutQ.
Then we have
• α has the “Rokhlin property” if and only if G∩
⊕∞
l=1 Z/nlZ = 0,
For such α satisfying the “Rokhlin property” we have
1. Q⋊α G is a simple AT algebra with a unique tracial state,
2. Ki(Q⋊α G) = Q
2r−1 for i ∈ {0, 1} if r <∞.
2. Ki(Q⋊α G) = Q
⊕N for i ∈ {0, 1} if r =∞.
3. The order on K0 is determined uniquely up to isomorphism.
4. Every reduced abelian group has an action of this form.
The proof appears in Sections 2, 3 and 5, while the next result is
given in Sections 4 and 5. We say a group is almost reduced if it has a
reduced abelian subgroup of finite index.
Theorem. Suppose G is a countable discrete almost reduced group.
Then there exists an action α implemented by
G ⊂
∞∏
l=1
Snl → AutQ
such that
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• α has the “Rokhlin property” and
• Q⋊α G is a simple nuclear TAF algebra.
In this case the actions have a nice construction as a product of
induced actions of the previous abelian group actions.
As an application, these actions may be viewed as a class of model
actions for the “Rokhlin property” with respect to certain classifica-
tion results. For example, these actions contain those used to model Z
actions ([7]) and finite group actions ([6], [5], [3], [4]) with the Rokhlin
property. These can also be used to model Zn actions with the tracial
Rokhlin property (classified in [11], [14], [16], [15]), which in particular
makes it clear that they have the Rokhlin property. Modeling actions
beyond abelian groups or finite groups, we have the so called Klein bot-
tle group Z⋊Z classified in [13] and we give an explicit representative
for their result here. There are many more groups here whose actions
are yet to be classified.
Acknowledgements: I would like to thank N. C. Phillips for helpful
conversations. This was funded by the Research Center for Operator
Algebras at East China Normal University and partially funded by
SFB878 and the German Israel Foundation.
1. Preliminaries
1.1. Abelian groups. An abelian group G is said to be divisible if for
every g ∈ G and n ∈ N there exists g′ ∈ G such that g = ng′.
Lemma 1.1. If G is divisible, then G does not have a proper subgroup
of finite index.
Proof. Suppose H is a subgroup of G with index n for some n ∈ N.
Let g ∈ G. By divisibility there exists g′ ∈ G such that g = ng′. This
means that the image of g is zero in the quotient group G/H and hence
g ∈ H . Hence H = G and n = 0. 
If a group has no divisible subgroup then it called reduced. Every
abelian group can be decomposed uniquely as a direct sum of a divisible
group and a reduced group. The Pru¨fer p-groups
⋃
Z/prZ and the
rational numbers Q are the only indecomposable divisible groups.
An element g ∈ G is said to be a torsion element if g has finite order.
If there is a uniform bound on the orders of a group then we say the
group is bounded. If G has no torsion elements, then G is said to be
torsion-free.
Theorem 1.2 (Baer). Suppose G is a countable abelian bounded group.
Then G is a direct sum of finite cyclic groups.
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Proof. See for example Kaplansky [8]. 
1.2. Reduced abelian groups.
Definition 1.3. Let C be the class of all countable discrete abelian
residually finite groups. Equivalently, C consists of all the count-
able groups for which there is an embedding into the group G →֒∏∞
n=1Z/nZ.
Theorem 1.4. G ∈ C if and only if G is a countable discrete reduced
abelian group.
Proof. Lemma 1.1 tells us there are only reduced groups in C. We
show the ‘if’ direction. Let n ∈ Z. The group G/nG can be seen by
Theorem 1.2 or otherwise to be a direct sum of finite cyclic groups
and is therefore residually finite. So to prove residual finiteness of G
it suffices to consider those g ∈ G that have trivial image in every
quotient G/nG. That is, g ∈
⋂
n∈N nG, which means g is the identity
since G is reduced. 
Corollary 1.5. Let P be the set of all primes. The class C contains
all of the subgroups of the infinite direct sum
∞⊕
r=1
⊕
p∈P
(Z(p) ⊕ Z/p
rZ).

Proof. It clear that the subgroup of any group in C is again in C. The
class C is also evidently closed under taking countable direct sums by
Theorem 1.4. So it suffices to show that Z(p) ∈ C, noting Z/p
rZ ∈ C is
trivial.
and C contains the countable subgroups of the p-adic integers for any
prime p by construction of the inverse limit. Therefore, C contains Z(p)
for every prime p since these are subgroups of the p-adic integers. 
1.3. Residually finite groups. A group G is said to be residually
finite if for every g ∈ G there is a a finite group F and a group ho-
momorphism ϕ : G → F such that ϕ(g) 6= 0. Equivalently, if G is
countable, there is a sequence (nl)l∈N and an embedding
G →֒
∞∏
l=1
Snl,
where Snl is the symmetric group on nl.
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Suppose G is a group and H is a subgroup. Given an H-set X , let ∼
be equivalence relation on G×X generated by (gh, x) ∼ (g, hx). Then
the induced G-set is defined to be
G×H Y = (G×X)/ ∼ .
If we let H has index k and we let g1, . . . , gk be a set of coset repre-
sentatives of H in G, then each element in G ×H X can be written
uniquely as (gi, x) for 1 ≤ i ≤ k and x ∈ X .
1.4. Rokhlin property. We say α ∈ AutQ is uniformly outer if for
every a ∈ Q, every non-zero projection p ∈ Q and every ǫ > 0, there
exists k > 0 mutually orthogonal projections p1, . . . , pk such that
• p = p1 + · · ·+ pk and
• piaα(pi) ≈ǫ 0 for 1 ≤ i ≤ k.
Let A be a UHF algebra, α ∈ AutA and let 1 ≤ k < ∞. We say α
has the order k Rokhlin property, if for every ǫ > 0 and every finite
subset {a1, . . . , an} in A, there exist mutually orthogonal projections
p1, p2, . . . , pk such that
• [pi, aj ] ≈ǫ 0 for 1 ≤ i ≤ k and 1 ≤ j ≤ n,
• α(pi) ≈ǫ pi+1 for 1 ≤ i ≤ k with pk+1 = p1,
• p1 + · · ·+ pk = 1.
We take the order ∞ Rokhlin property to mean that αj is uniformly
outer for all j > 1. By Kishimoto [11], any two automorphisms whose
powers are all uniformly outer are outer conjugate. In particular g acts
with the Rokhlin property since there exist uniformly outer automor-
phisms that act with the Rokhlin property.
Definition 1.6. Let G be a countable discrete abelian group and A be
a UHF algebra. Let g ∈ G have order k(g). Then an action α of G on
A has the Rokhlin property if αg has the order k(g) Rokhlin property
for all g ∈ G. We say an action is uniformly outer if αg is uniformly
outer for all g ∈ G except the identity.
2. Model actions for reduced abelian groups on Q
Let ρ :
∏∞
l=1 Z/nlZ →
∏∞
l=1 U(Mnl) be the product of the natural
representations.
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Proposition 2.1. Suppose G is an abelian group and α is an action
of G on Q of the form
α : G
i
→֒
∞∏
l=1
Z/nlZ
ρ
→֒
∞∏
l=1
U(Mnl)
Ad
→ AutQ.
Then α is uniformly outer if and only if i(G) ∩
⊕∞
l=1 Z/nlZ = 0.
Proof. Since the direct sum acts by inner automorphisms, necessity is
clear. We now show sufficiency. Let g ∈ G such that i(g) is not in
the direct sum. Let a ∈ A, let p ∈ A be a non-zero projection and
let ǫ > 0. Without loss of generality we can assume ‖a‖ = 1 and
ǫ is small. By the direct limit construction, there exists L ∈ N and
b, q ∈ Mn1 ⊗ · · · ⊗MnL such that a ≈ǫ b and p ≈ǫ q. By functional
calculus we can take q to be a projection.
By assumption we can choose l > L such that i(g)nl ∈ U(Mnl)
has order k 6= 1. Let ei,i be the i-th diagonal matrix unit and define
projections q′1, . . . , q
′
k ∈Mnl that sum to 1 by
q′j =
∑
⌊ik/nl⌋=j
ei,i.
Cutting down we define p′j = pq
′
jp for 1 ≤ j ≤ k, which are approxi-
mately projections within 2ǫ and sum to p. By functional calculus we
get projections pj ≈4ǫ p
′
j in pQp. Therefore
p1 + · · ·+ pk ≈4kǫ p
′
1 + · · ·+ p
′
k = p,
which is the unit in pQp. Hence p1 + · · ·+ pk = p, the only invertible
projection in pQp. It is now routine to check pjaα(pj) ≈13ǫ 0. 
Theorem 2.2. Suppose G is an abelian group and α is an action of G
on Q of the form
α : G
i
→֒
∞∏
l=1
Z/nlZ
ρ
→֒
∞∏
n=1
U(Mnl)
Ad
→ AutQ.
Then α has the Rokhlin property if and only if i(G)∩
⊕∞
l=1 Z/nlZ = 0.
Proof. We prove sufficiency. Let g ∈ G. By Proposition 2.1 we only
need to consider the case that g has finite order k. Let k = P r11 · · ·P
rs
s
be its prime factorisation into distinct primes. The assumption that
no power of i(g) is in the direct sum guarantees for 1 ≤ i ≤ s that P rii
divides the order of i(g)nl for infinitely many l ∈ N.
Let ǫ > 0 and let a1, . . . , an ∈ Q. Since Q is a direct limit, there
exists L ∈ N and b1, . . . , bn ∈ Mn1 ⊗ · · · ⊗MnL such that ai ≈ǫ bi for
1 ≤ i ≤ n. Also for 1 ≤ j ≤ s, there exists lj > L all distinct such that
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i(g)nlj has order divisible by P
rj
j . So (i(g)nlj )1≤j≤s ∈
∏
1≤j≤s Z/nnljZ
has order divisible by k. We will now be able to find k projections in
Mnl1 ⊗ · · · ⊗Mnls to witness the order k Rokhlin property. 
Proposition 2.3. G ∈ C if and only if there exists (nl)l∈N and an
embedding i : G →֒
∏∞
l=1 Z/nlZ such that i(G) ∩
⊕∞
l=1 Z/nlZ = 0.
Proof. The ‘if’ direction is trivial. Conversely, assume G ∈ C. Then
there is an embedding i : G →֒
∏∞
l=1 Z/mlZ for some sequence (ml)l∈N.
Now consider the diagonal embedding iN : G →֒ (
∏∞
l=1 Z/mlZ)
N and
take (nl)l∈N to be an appropriate resequencing. 
3. Equivariant K-groups
Proposition 3.1. Suppose α is an action of a finite group H on Q
with the Rokhlin property. Then Q⋊α H ∼= Q.
Proof. Phillips [17] shows that the crossed product is AF, but the proof
applied here will actually show the crossed product is in fact UHF and
therefore must be Q. 
Theorem 3.2. Let G be a countable discrete abelian group of rank r
and let α be an action of G on Q with the Rokhlin property of the form
α : G →֒
∞∏
l=1
U(Mnl)
Ad
→ AutQ.
Then for i ∈ {0, 1}
• Ki(Q⋊α G) ∼= Q
2r−1 if r is finite.
• Ki(Q⋊α G) ∼= Q
⊕N if r is infinite.
• In either case, the inclusion of any rank r free abelian subgroup
F induces a quasi-isomorphism Q⋊ F →֒ Q⋊G.
Proof. First assume G is finitely generated with G = Zr ⊕H for some
finite abelian group H . Then C∗(G) ∼= C∗(Zr) ⊗ C∗(H) and we have
Q⋊α G as the limit of the system
M(nl)l≤m ⊗ C
∗(Zr)⊗ C∗(H)→ M(nl)l≤m ⊗Mnm+1 ⊗ C
∗(Zr)⊗ C∗(H),
given on generators by
x⊗ z ⊗ h 7→ x⊗ zm+1hm+1 ⊗ z ⊗ h.
Since G is abelian we can simultaneously diagonalize the image of
C∗(G) in Mnm+1 and define a homotopy t 7→ z
t
m+1hm+1, which extends
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to a homotopy of ∗-homomorphisms that connect our original map to:
x⊗ z ⊗ h 7→ x⊗ hm+1 ⊗ z ⊗ h,
from which we see the limit is C∗(Zr)⊗ (Q⋊α|H H). For countable G,
there is an increasing sequence of finitely generated subgroups (Gn)n∈N
of ranks (rn)n∈N such that G = lim−→
(Gn, ϕn : Gn →֒ Gn+1). Fix decom-
positions Gn = Z
rn ⊕ Hn for a finite group Hn. Let k ∈ N such that
kϕn(Gn) ⊂ Z
rn+1 and consider the following commutative diagram:
Zrn ⊕Hn
ϕn
−−−→ Zrn+1 ⊕Hn+1
k⊕0
x id⊕0x
Zrn
kϕ
−−−→ Zrn+1
Take the crossed products of the actions given by restriction of the
action of G and consider the homotopy defined above for finitely gen-
erated groups. These are preserved by the lower three maps and we
have the following commutative diagram of C∗-algebras:
C∗(Zrn)⊗ (Q⋊Hn) −−−→ C
∗(Zrn+1)⊗ (Q⋊Hn+1)
C∗(k)⊗
xidu1 id⊗
xidu1
C∗(Zrn)⊗Q
C∗(kϕ)⊗id
−−−−−−→ C∗(Zrn+1)⊗Q
It suffices now to show the top map is injective on K-groups. We first
observe the vertical maps induce isomorphisms on K-groups, while
the bottom horizontal map is injective on K-groups and the result
follows. 
4. Almost reduced abelian groups on Q
Let ρ :
∏∞
l=1 Z/nlZ →
∏∞
l=1 U(Mnl) be the product of the natural
representations. Recall the fibered product construction in 1.3. We
will use this to construct actions of groups that already have an action
for one of its finite index subgroups.
Theorem 4.1. Let G be a countable discrete group with a subgroup H
of finite index k. Suppose there is an action of H on Q given by
αH : H →֒
∞∏
l=1
Sml
ρ
→
∞∏
l=1
U(Mnl)
Ad
→ AutM(ml)l∈N
such that for each h ∈ H not 1, τ(ρl(h)) = 0 for infinitely many l ∈ N.
Then there is an action of G on Q given by
αGH : G →֒
∞∏
l=1
Snl
ρ
→
∞∏
l=1
U(Mnl)
Ad
→ AutM(nl)l∈N
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such that for each g ∈ G not 1, τ(ρl(g)) = 0 for infinitely many l ∈ N.
Moreover, the sequence (ml)l∈N can be chosen to be of infinite type
divisible by k and the type of (nl)l∈N.
Proof. Let g ∈ G not the identity. Let g1, . . . , gk be coset representa-
tives for H . There are at most k elements in H for which g−1i ggi ∈ H
for some i. Call this set Hg. Now regroup the factors for αH we can
arrange it so that τ(ρ(ιl(h))) = 0 for all h ∈ Hg. Since each ρl is a
permutation representation we get a sequence of finite H-sets (Xl)l∈N
such that h acts with no fixed points for all h ∈ Hg. Now define a
sequence (Yl)l∈N of finite G-sets using the fibered product construction
Yl = G×H Xl, which will not have any fixed points for g by definition
of Xl and Hg. Hence we have an action given by α
G
H [g] of the desired
form such that τ(ρ(κl(g))) = 0 for all l ∈ N. Now taking a product over
g ∈ G and resequencing the factors appropriately, we get the desired
result. 
The vanishing trace property stated above is stronger than the prop-
erty in Definition 1.6 and is equivalent to it for reduced abelian groups.
Taking this as the “Rokhlin property” we have
Corollary 4.2. Suppose G is a countable discrete group with a reduced
abelian subgroup H of finite index. Then there is an action of G with
the “Rokhlin property” of the form
α : G →֒
∞∏
l=1
Snl
ρ
→
∞∏
l=1
U(Mnl)
Ad
→ AutM(nl)l∈N .
5. Classification of the crossed products Q⋊α G
We show all of the crossed products considered belong to a particu-
larly nice class of classifiable C∗-algebras.
Theorem 5.1. Suppose G is a countable discrete almost abelian group
and α is an action of G on Q with the Rokhlin property and given by
α : G →֒
∞∏
n=1
U(Mnl)
Ad
→ AutQ.
ThenQ⋊αG is a unital separable simple nuclear tracially approximately
finite dimensional locally type I C∗-algebra satisfying the Universal Co-
efficient Theorem (UCT) and has a unique tracial state.
Proof. We verify the conditions of Lin’s [12, Theorem 5.16] to conclude
that Q ⋊α G has tracial rank zero. Having unique trace follows from
the proof of [10, Lemma 4.3]. Simplicity follows from Kishimoto [9,
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Theorem 3.1]. Nuclearity follows from Rosenberg [19, Theorem 1].
Locally type I follows from C∗(G) being type I for abelian groups and
the direct limit decomposition of Q⋊α G. We now have real rank zero
and stable rank one from Rørdam [18, Theorem ] in the presence of
Z-stability, which is guaranteed from Matui-Sato [13, Corollary 4.11].
It also has weakly unperforated K0. UCT is [2] 
6. Examples
Example 6.1. We give an action of any countable free abelian group
on Q via an action of Z⊕N on Q. It suffices to define an action α of Z
on Q since then we can take tensor products to get an action of Z⊕N
on Q⊗N. Since Z is torsion free any embedding into a product of finite
cyclic groups will give a desired action by Theorem ??. Classification
and K-group formulas for free abelian group actions have been given
by Herman, Ocneanu, Kishimoto, Nakamura, Katsura and Matsui ([7],
[11], [14], [16] and [15]).
Example 6.2. The Klein bottle group has presentation
Z ⋊ Z = 〈a, b | bab−1 = a−1〉.
Notice that Z⋊Z is an almost abelian group with subgroupN generated
by a and b2 isomorphic to Z ⊕ Z. This subgroup clearly has index 2
and is therefore normal.
Get an action of N = Z ⊕ Z using Example 6.1. For example, we
could use the product of the quotient maps Z ⊕ Z → Z/plZ ⊕ Z/plZ.
For each quotient map, we have an action on some finite set X2pl of size
p2l and we can take the fibered product Y2p2l = (Z⋊Z)×N (Xpl ×Xpl)
to get a set of size 2p2l on which Z ⋊ Z acts. The corresponding maps
Z ⋊ Z→ S2p2l then combine to give the desired action.
Classification and K-group formulas were given by Matui-Sato [13,
Theorem 7.9]
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